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THE  COMPUTATION  OF  TRUSS  DEFLECTIONS  BY  THE 
METHOD  OF  ELASTIC  WEIGHTS 


INTRODUCTION 

L  In  chapter  2  of  Airplane  Design^  two  methods  of 
computing  the  deflections  of  trusses  are  suggested — 
those  of  the  Wiiliot  diagram  and  the  method  of  work. 
Only  the  latter  is  described  in  detail.  Both  of  these 
methods  are  extremely  tedious  when  it  is  desired  to 
compute  the  deflections  of  all  the  points  on  one  chord 
of  a  long  shallow  truss,  such  as  a  truss-type  wing  spar. 
The  Structures  Unit  has  for  a  long  time  believed  that 
a  simpler  and  quicker  method  of  computing  truss  de¬ 
flections  would  be  a  great  help  to  the  designer,  and  its 
members  have  made  several  unsuccessful  attempts  to 
develop  one.  The  desirability  of  some  such  method 
has  become  much  greater  in  the  recent  past  with  the 
development  of  metal  wing  spars,  many  of  which  are  of 
truss  types.  Recently,  the  writer  found  in  Parcel  and 
Maney^s  book,  Statically  Indeterminate  Structures,  an 
outline  of  the  method  of  elastic  weights,  which  indi¬ 
cated  to  him  that  this  method  would  fill  the  require¬ 
ments  of  the  aeronautical  engineer  in  a  much  more 
satisfactory  manner  than  those  mentioned  above.  The 
description  of  the  method  given  by  Parcel  and  Maney 
was  quite  sketchy,  and  the  conventions  for  signs,  etc., 
differed  from  those  usually  employed  in  aeronautical 
work  in  this  country,  but  the  basic  principles  were 
clearly  stated.  This  report  is  intended  to  explain  the 
underlying  principles,  and  by  the  .use  of  numerical 
examples  to  illustrate  the  application  of  the  method 
with  such  clarity  that  it  can  be  employed  by  the  airplane 
designer  in  cases  where  it  will  be  useful. 

2,  The  fundamental  principles  of  truss  computation 
will  be  discussed  first,  and  the  theoretical  basis  of  the 
method  of  elastic  weights  briefly  explained.  The  ap¬ 
plication  of  this  method  will  then  be  shown,  first  for 
simple  and  then  for  more  complex  cases.  In  doing  this 
the  derivation  of  the  special  rules  for  the  given  case  will 
first  be  described  and  their  application  illustrated  by  a 
numerical  example.  The  appendix  gives  the  rules  and 
definitions  of  special  terms  in  the  most  general  form  for 
the  benefit  of  the  designer  who  wishes  to  refer  to  the 
report  to  guide  him  in  a  specific  computation. 

3.  Tlfe  fundamental  principle  for  the  computation  of 
the  deflections  of  a  truss  composed  of  members  sub¬ 
jected  to  axial  loads  only  is  as  follows:  The  deflection 
of  any  point  a  of  the  structure  due  to  the  change  in 
length  of  any  member  R  is  numerically  equal  to  the 
change  in  length  of  member  R  multiplied  by  the  load 
that  would  be  produced  in  member  R  by  a  load  of  unity 
acting  at  a  in  the  direction  in  which  the  deflection  is 
desired.  Expressed  algebraically 

dar^ALfSr 

where  5*,  is  the  deflection  at  a  due  to  change  of  length  ; 
of  member  R,  is  the  change  in  length  of  member  i 

(1) 


R  and  »r  is  the  load  that  would  be  caused  in  member  R 
by  a  load  of  unity  at  a  acting  in  the  direction  in  which 
the  deflection  is  to  be  measured.  As  this  is  the  funda¬ 
mental  formula  for  truss  deflections,  and  its  derivation 
is  given  in  all  textbooks  that  cover  this  subject,  it  will 
j  be  assumed  that  the  reader  is  familiar  with  it. 

4.  The  usual  method  of  applying  this  formula  is  that 
illustrated  in  article  50  of  Airplane  Design.  The  dis¬ 
advantage  of  this  procedure  is  that  a  long  and  tedious 
computation  must  be  made  for  each  point  at  which  the 
deflection  is  desired.  By  using  the  device  of  elastic 
weights,  the  deflection  of  all  points  along  the  truss  can 
be  obtained  with  little  more  competition  than  is  needed 
for  a  single  point  by  the  method  of  work. 

6.  For  a  given  loading  the  value  of  ALr,  or  PrLtlAgEt 
as  it  is  more  often  expressed,  is  a  constant.  The  value 
of  3r,  however,  depends  on  the  location  of  the  unit  load. 
If  a  curve  be  drawn  with  each  ordinate  equal  to  the 
value  of  Sr  when  the  dummy  unit  load  is  acting  on  the 
main  chord  *  at  the  location  represented  by  the  cor¬ 
responding  abcissa,  we  will  have  what  is  called  the 
influence  line  for  stress  in  member  R,  A  little  thought 
should  show  that  this  line  is  also  to  some  scale,  as  yet, 
undertermined,  the  curve  representing  the  deflection 
of  the  main  chord  of  the  truss  due  to  the  change  in 
length  of  member  R^ .  It  .would  be  possible  to  draw 
such  a  curve  for  each  member  of  the  truss,  and  by 
algebraic  addition  of  ordinates  obtain  the  elastic 
curve  of  the  truss  under  the  given  load.  This  would  be 
very  tedious,  however,  and  is  not  often  done. 

6.  In  the  normal  types  of  trusses,  it  will  be  found 
that  the  influence  lines  for  load  in  the  different  members 
are  geometrically  similar  to  the  bending  moment  curves 
for  certain  simple  loads.  If,  then,  for  each  member  the 
proper  load  is  computed  and  applied  to  a  phantom 
beam  paralleling  the  actual  truss,  and  the  curve  of 
bending  moments  on  the  phantom  beam  due  to  these 
loads  is  calculated,  this  bending  moment  curve  will  be, 
to  some  scale,  the  elastic  curve  of  the  truss,  and  the 
deflections  of  the  truss  can  be  determined  from  it. 
The  method  takes  its  name  from  the  fact  that  these 
hypothetical  loads  are  called  “elastic  weights or 
“elastic  loads.”  The  methods  used  to  compute  the 
elastic  loads  for  the  different  types  of  truss  can  be 
described  and  explained  most  simply  by  the  aid  of 
numerical  examples . 

7.  In  these  numerical  examples  the  conventions  re¬ 
garding  the  signs  of  forces,  shears,  moments,  slopes, 
and  deflections  will  be  those  used  in  Airplane  Design, 
volume  1,  and  listed  in  the  last  paragraph  of  page  289 
of  that  book. 

8.  As  the  trusses  dealt  with  in  airplane  design  usually 
have  chords  that  are  horizontal  or  nearly  so,  and  it  is 

1  On  this  report  the  truss  chord,  the  deflections  of  which  are  desired,  is 
called  the  main  chord.  See  paragraph  4  of  the  appendix. 
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the  vertical  deflections  of  the  joints  of  a  single  chord 
that  is  desired,  the  numerical  examples  below  will  be 
confined  to  such  cases.  Anyone  who  fully  understands 
these  cases  should  have  no  difficulty  in  applying  the 
hiethod  to  determine  the  deflections  in  other  direc¬ 
tions,  or  of  other  types  of  trusses  in  case  ^they  are 
desired. 

9.  Whenever  the  discussion  is  limited  to  a  single 
member,  subscripts  will  be  omitted.  Then,  if  the  com¬ 
putation  of  the  elastic  weight  of  a  member  called 
its  length  will  be  designated  as  L  instead  of  Ia>dj  and 


its  change  in  length  due  to  load  as  AL  instead  of  ALtd> 
If  the  discussion  involves  more  than  one  truss  member, 
the  proper  subscripts  will  be  used. 

SIMPLY  SUPPORTED  TRUSS  SPANS 

10.  The  first  example  will  be  a  simply  supported 
parallel  chord  truss  span  like  that  shown  in  Figure  1. 
This  truss  has  three  types  of  members,  chord  members, 
web  members,  and  end  posts.  Each  of  these  types 
will  be  considered  separately,  the  method  of  computing 
their  elastic  weights  and  the  basis  of  the  computation 
being  described  in  detail.  As  the  deflections  sought 
will  be  those  of  the  lower  chord  joints,  its  lower  will  be 
considered  the  ''Main  chord"  of  the  truss. 


CHORD  MEMBERS 

11.  Consider  the  chord  member  hd.  As  the  load  ih 
this  member  can  be  determined  by  the  method  of  sec* 
tions,  taking  moments  of  the  forces  oh  that  portion  of 
the  trusses  on  either  side  of  section  A-A,  about  joint  c, 
joint  c  can  be  designated  the  moment  center  *  and  sec¬ 
tion  A-A  the  index  section  of  member  bd.  The  inflU* 
ence  line  for  load  in  bd  due  to  'a  unit  vertical  load 
moving  along  the  main,  in  this  case  the  lower  chord  of 
the  truss  will  be  a  triangle  with  its  apex  at  the  moment 
center  c,  as  shown  in  Figure  2.  The  maximum  ordinate 
of  this  influence  line  will  be  at  c,  and  its 

magnitude  will  be  equal  to 

the  unit  load  being  assumed  to  act 
upward  when  positive,  and  the  plus 
sign  to  indicate  tension.  But  this  is 
numerically  equal  to  the  bending  mo¬ 
ment  at  c  on  a  "phantom  beam"  sup¬ 
ported  at  a  and  A,  due  to  a  downward 
load  of  l/6c  acting  at  c.  Therefore  the 
moment  curve  for  a  load  of  —  l/6c  act¬ 
ing  at  c  on  the  phantom  beam  may  be 
considered  as  the  influence  line  for  load 
in  bdf.  or,  using  the  nomenclature  of 
paragraph  3  above,  as  the  influence 
line  for  s. 

12.  The  change  in  length  of  bd,  which 
we  will  call  AL,  is  equal  to  PLfAE, 
This  quantity  is  a  constant  for  any 
given  loading.  Since  the  product  of 
Ah  and  s  for  any  point  gives  the  deflec¬ 
tion  of  that  point  under  the  given 
loading,  the  ordinates  of  the  curve  in 
Figure  2  multiplied  by  AL  will  give  a 
curve  of  the  deflection  of  the  truss  due 
to  the  change  of  length  of  member  bd, 
or  the  same  result  can  be  obtained 
by  adjusting  the  scale  of  Figure  2. 
Another  way  of  looking  at  the  matter 
is  to  say  that  the  curve  of  moment  on 
the  phantom  beam,  due  to  a  load  of 
— AL/6c  is  the  deflection  curve  of  the 
truss  due  to  the  deformation  underload 
of  member  fed.  This  load  is  called  the 
"elastic  weight"  of  member  fed. 

13.  A  similar  analysis  could  be 
made  for  each  of  the  other  chord 

members  of  the  truss,  from  which  .  the  follow¬ 
ing  generalizations  could  be  derived.  The  elastic 
weight  of  any  chord  member  of  a  simply  supported 
truss  is  numerically  equal  to  AL=  PLIAE,  the  change 
in  length  of  that  member,  divided  by  the  perpendicular 
distance  from  that  member  to  its  moment  center. 
The  curve  of  bending  moment  on  a  phantom  beam 
supported  at  the  same  points  as  the  actual  truss  span, 
due  to  a  load  equal  to  the  elastic  weight  of  a  chord 
member  acting  on  the  phantom  beam  at  the  moment 

5  On  this  report  the  point  about  which  moments  would  be  taken  to 
obtain  the  load  in  a  truss  member  by  the  “Method  of  moments"  is 
called  the  moment  center  of  that  member.  The  section  through  the 
truss  used  to  determine  the  load  in  a  member  by  either  the  “  Method  of 
moments"  or  the  “Method  of  shears”  is  called  the  “index  section"  of 
the  member.  (See  also  par.  8  of  the  appendix.) 
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center  of  the  member  in  question,  will  be  &  curve  of 
the  deflection  of  the  truss  due  to  the  change  in  length 
of  the  member  in  question.  The  curve  of  bending 
moments  on  the  phantom  beam  due  to  the  elastic 
weights  of  more  than  one  chord  member  acting  simul¬ 
taneously,  each  at  the  moment  center  of  the  member 
in  question,  will  be  a  curve  of  the  deflection  of  the  truss 
due  to  the  changes  in  length  of  that  group  of  chord 
members. 

14.  The  moment  centers  of  the  upper  chord  members 
will  be  joints  on  the  lower  chord,  while  those  of  the 
lower  chord  members  will  be  joints  on  the  upper  chord. 
As  the  elastic  weights  all  act  in  a  vertical  direction,  the 
vertical  locations  of  their  points  of  application  have  no 
influence  on  the  curve  of  bending  moment  on  the 
phantom  beam,  so  that  the  elastic  "weight  of  member 
hdy  the  moment  center  of  which  is  point  c,  and  that  of 
member  ac,  the  moment  center  of  which  is  point  b, 
will  be  applied  to  the  phantom  beam  at  the  same  point, 
b  being  vertically  above  c. 

15.  Table  1  gives  the  computations  of  the  elastic 
weights  for  the  truss  shown  in  Figure  1  when  subjected 
to  the  loads  indicated.  The  first  six  lines  give  the 
computations  of  the  elastic  weights  of  the  chord  mem¬ 


bers.  In  this  case,  as  the  chords  are  parallel,  the 
moment  arms  of  the  chord  members  are  all  equal  to 
the  truss  depth,  A,  and  this  fact  is  taken  advantage  of 
in  the  tabulation  of  computations.  The  last  two  col¬ 
umns  of  the  table  give  the  signs  of  the  elastic  weights, 
indicating  whether  they  are  to  be  assumed  as  acting 
up  or  down  on  the  phantom  beam,  and  the  points  of 
application  of  the  elastic  weights  to  the  phantom  beam, 
in  the  case  of  these  chord  members,  their  respective 
moment  centers. 

16.  The  signs  of  the  elastic  weights  of  the  chord 
I  members  are  determined  as  follows;  For  lower  chord 
members,  the  sign  is  plus  if  the  member  is  In  tension 
and  minus  if  it  is  in  compression.  For  the  upper 
chord,  the  sign  is  minus  if  the  member  is  in  tension 
and  plus  if.it  is  in  compression.  These  rules  can  be 
generalized  by  saying  that  *‘The  sign  of  the  elastic 
weight  of  any  chord  member  of  a  simply  supported 
truss  is  that  of  the  bending  moment  on  the  truss  indi¬ 
cated  by  the  type  of  the  load  in  that  member,  whether 
tension  or  compression.^’  In  this  way,  the  familiar 
rules  for  determining  the  sign  of  the  bending  moment 
on  a  beam  or  truss  can  be  used  to  determine  the  sign 
of  elastic  weights. 


Table  1. — Computations  of  elastic  weights  for  truss  of  Figure  1 


Member 

P 

L 

A 

PLjA 

k 

P 

tioO 

PLfAh 

PL/Ap  sin  $ 

Sign 

P.  A. 

bd . 

+22.5 

30 

1.25 

540 

40 

13Ji0 

df. . 

+31.5 

30 

L50 

030 

40 

15.75 

1 

+22.5 

30 

1.50 

460 

40 

11.25 

-3«.0 

30 

L80 

000 

40 

16.00 

d 

“36.0 

30 

1.50 

720 

40 

18.00 

d 

“31.5 

30 

1.75 

540 

40 

13.50 

f 

+37.5 

50 

2L50 

'  760 

30 

0l8 

_ _ -  —  .31. 25 

“18.0 

40 

1.50 

-  480 

30 

LO 

■~  ******** 

l(j*00 

•  *0 

cd . . . 

+22.5 

50 

1.25 

900 

30 

.8 

37.60 

M 

0 

40 

1.00 

0 

30 

LO 

0 

OS 

dg . . . 

+7.5 

50 

1.25 

300 

30 

.8 

VL  60 

-0.0 

40 

1.00 

240 

30 

1.0 

8.00 

+52L5 

50 

3.50 

750 

30 

.8 

31.25 

Kh 

axial  load  in  member  due  to  external  loading  shown,  in  pounds. 

Ira* length  of  member  in  inches. 

Aaasectionai  area  of  member  in  square  inches.  .  n 

depth  of  truss  in  inches.  .  ' 

p-length  of  truss  panel  in  inches.  .  •  .  . 

angle  between  web  member  of  truss  and  the  horizontal.  ,  *. 

The  signs  indicate  the  directions  in  which  the  elastic  weights  act,  +  indicating  an  upward  force,  and  —  a  downward  one.  Where  the  elastic 
weights  are  moments,  the  sign  shows  whether  they  are  clockwise  or  oounterclockwi^. 

The  column  headed  P.  A.  shows  the  points  of  application  of  the  elastic  weights.  '  ' 

The  modulus  of  elasticity,  E,  is  omitted  from  the  above  computations  as  it  ia  assumed  to  be  the  same  for  all  members.  To  obtain  the  true 
defliKtion  it  would  be  necessary  to  divide  the  result  of  the  computations  from  the  elastic  weights  shown  in  the  above  table  by  the  proper  value 


17.  In  a  parallel  chord  truss  there  are  no  moment 
centers  for  the  web  members  and  it  is  obvious  that 
the  methods  of  obtaining  the  elastic  weights  of  chord 
members  can  not  be  applied  directly  to  the  web 
members.  It  is  possible,  however,  to  use  the  same 
fundamental  method  and  find  a  loading  for  the  phan¬ 
tom  beam  that  will  have  a  bending  moment  curve  of 
the  same  shape  as  the  influence  line  for  load  in  the  web 
member  in  question.  In  the  case  of  a  web  member  of  a 
parallel  chord  truss,  this  loading  consists  of  two  equal 
and  opposite  loads  applied  at  the  points  "where  the 
influence  line  for  load  in  the  web  member  changes 
direction. 

18.  Consider  member  cd  in  Figure  1.  The  in¬ 
fluence  line  for  load  in  that  member  will  be  that 
shown  in  Figure  3.  As  can  be  seen  from  the  figure, 
this  is  equivalent  to  the  moment  curve  for  an  upward 
force  of  l/(ceXsin  at  c  and  an  equal  but  opposite 


force  acting  at  e,  where  6  is  the  angle  between  the  web 
member  in  question  and  the  horizontal.  From  this  it 
can  be  seen  that  the  curve  of  deflection  of  the  truss  due 
to  change  in  length,  AL,  of  member  cd  will  be  the 
moment  curve  of  the  phantom  beam  supported  at  a 
and  h  under  loads  of  AL/(ceXsin  $)  acting  up  at  c  and 
down  at  e.  This  pair  of  loads  is  the  elastic  weight  of 
the  member  cd, 

19.  It  is  to  be  noted  that  these  forces  are  applied  at 
the  ends  of  the  lower  chord  member  cut  by  the  index 
section  for  member  cd,  and  that  each  is  equal  to  AL  of 
that  web  member  divided  by  the  distance  to  it  from  the 
far  end  of  the  lower  chord  member.  If  we  call  the  far 
end  of  this  lower  chord  member  the  secondary  moment 
center  of  the  web  member,  the  following  rule  can  be 
formulated:  “The  elastic  weight  of  a  web  member  of  a 
parallel  chord  truss  consists  of  two  loads  of  equal 
magnitude  but  acting  in  opposite  directions^  one  at  the 
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secondary  moment  center  of  the  web  member,  and  the 
other  at  its  connection  with  the  lower  chord.  The 
magnitude  of  each  of  these  forces  will  be  equal  to  the 
change  in  length,  AL,  of  the  web  member  divided  by 
the  distance  to  that  member  from  its  secondary 
moment  center.”  This  is  the  ^^Web  member  rule”  of 
paragraph  9  of  the  appendix  and  will  be  referred  to  by 
that  name  in  the  remainder  of  this  report. 

20.  The  web  member  rule  for  the  magnitude  of  the 
elastic  weight,  in  the  form  stated  above,  applies  only 
to  computations  of  the  deflection  of  the  lower  chord  of 
the  truss.  If  the  deflection  of  the  upper  chord  is  being 
computed,  the  rule  would  be  changed  by  substituting 
the  word  “upper”  for  “lower”  in  the  rule  and  also  in 
the  definition  of  the  secondary  moment  center.  In  the 
rules  and  definitions  in  the  appendix  to  this  report,  this 
has  been  taken  care  of  by  referring  to  the  “main  chord” 
instead  of  using  the  terms  “upper”  and  “lower.” 


Fig.  4.— Computation  of  truss  deflection 

21.  The  rule  for  the  sense  of  the  moment  constitut¬ 
ing  the  elastic  weight  of  a  web  member  is  that  when  the 
shear  on  a  section  cutting  the  truss  through  a  member 
is  positive,  the  elastic  weight  of  that  member  is  a 
counterclockwise  moment,  while  if  the  shear  is  negative, 
the  moment  of  the  elastic  weight  is  clockwise. 

22.  Table  1  gives  the  computation  of  ti)e  elastic 
weights  of  the  web  members  of  the  truss  of  Figure  1. 
In  this  tabulation  advantage  is  taken  of  the  fact  that 
all  bays  of  the  trusses  are  of  the  same -length,  p—30 
inches,  and  the  slopes  of  the  web  members  are  either 
90°  or  the  angle  whose  sine  is  0.8. 

END  POSTS 

23.  End  posts  can  be  considered  as  either  web  or 
chord  members.  Consider  the  case  of  member  ab. 
This  member  has  a  moment  center  at  c.  Its  elastic 
weight  according  to  the  rule  for  chord  members  will  be 


a  single  downward  or  negative  load  acting  at  point  c. 
This  elastic  weight  will  be  negative,  as  ab  is  an  upper 
chord  member  in  tension  under  the  loading  showm  in 
Figure  1,  and  a  beam  with  the  upper  fibers  in  tension 
is  subjected  to  a  negative  moment.  The  magnitude  of 
the  elastic  weight  acting  at  c  will  be  equal  to  AL,  the 
change  in  length  of  ab  divided  by  the  perpendicular 
distance  from  point  c  to  the  line  ah.  This  distance  is 
equal  to  aeXsin  0  where  6  is  the  angle  betw'een  ab  and 
the  horizontal.  The  elastic  weight  of  ab  is  therefore 
AL/ (acX sin  0)  acting  down  at  c. 

24.  Suppose  that  ab  be  treated  as  a  web  member. 
As  the  shear  on  any  section  of  the  beam  through  ab 
is  negative,  the  elastic  weight  will  consist  of  an  up  load 
at  a  and  a  down  load  at  c,  c  being  the  secondary  as 
well  as  the  true  moment  center  of  the  member.  As  a 
is  one  of  the  supports  of  both  the  actual  truss  and  the 
phantom  beam,  the  load  acting  at  that  point  may  be 
neglected,  the  down  load  at  c  thus 
becoming  the  elastic  weight  of  the 
member.  The  magnitude  of  this 
down  load  as  derived  from  the  rule 
for  web  members  is  AL/(acXsin^)  the 
same  as  according  to  the  rule  for 
chord  members. 

25.  The  computations  of  the  clas¬ 
tic  weights  of  the  end  posts  of  the 
truss  of  Figure  1  are  given  in  Table 
1.  In  that  place  they  are  treated  as 
web  members,  but  the  only  differ¬ 
ences  that  would  appear  in  the  com¬ 
putations  if  they  had  been  treated 
as  chord  members  are  that  the  signs 
of  the  elastic  weights  of  ab  and  fh 
would  have  been  minus  signs  instead 
of  the  notations  for  clockwise  and 
counterclockwise  moments,  respec¬ 
tively,  and  the  elastic  weights  of  the 
two  end  posts  would  have  had  only 
one  point  of  application  listed  in¬ 
stead  of  two.  In  this  case  it  is  more 
convenient  to  treat  the  end  posts  as 
web  members  as  the  distance  to 
each  from  its  moment  center  is  the 
same  as  that  of  the  sloping  web 
members  from  their  secondary 
moment  centers  while  the  distances  to  the  other  chord 
members  from  their  moment  centers  is  a  different  fig¬ 
ure.  By  treating  the  end  posts  as  web  members,  the 
tabulation  of  the  computation  is  made  more  uniform 
and  logical. 

COMPUTATION  OF  DEFLECTIONS 

26.  Figure  4  is  a  diagram  of  the  phantom  beam  cor¬ 
responding  to  the  truss  of  Figure  1,  showing  the  elastic 
weights  computed  in  Table  1  acting  at  the  proper 
points  of  application.  Positive  or  upward  acting  loads 
are  shown  by  arrows  above  the  line  representing  the 
phantom  beam,  and  negative  or  downward  loads  by 
arrows  below  that  line.  The  computations  of  the 
deflections  of  the  truss  are  all  shown  on  the  figure. 
The  steps  are  as  follows: 

a.  Computation  of  net  elastic  loads  at  the  various 
points  of  load  application  on  the  phantom  beam  other 
than  the  points  of  support. 
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6.  Computation  of  the  reactions  at  the  points  of 
support  of  the  phantom  beam.  In  this  computation 
advantage  was  taken  of  the  fact  that  all  of  the  loads 
were  applied  at  either  the  mid-point  or  the  quarter 
points.  The  mid-point  load  was  divided  equally 
between  the  supports,  and  the  quarter-point  loads 
three-quarters  to  the  near  and  one-quarter  to  the  far 
support.  The  resulting  partial  reactions  were  then 
added  to  obtain  the  total  reactions. 

c.  Computation  of  the  shear  in  each  section  of  the 
phantom  beam.  The  resulting  value  ^is  indicated  on 
the  appropriate  section  of  the  beam  in  the  figure. 

d.  Computation  of  the  moments  on  the  phantom 
beam  at  the  points  corresponding  to  the  lower  chord 
joints  of  the  original  truss,  the  deflections  of  which  are 
desired. 

27.  In  making  the  computations  of  Table  1  and 
Figure  4,  the  modulus  of  elasticity,  J?,  was  omitted  as 
it  was  assumed  to  be  the  same  for  all  members.  The 
final  results  obtained  therefore  are  not  the  deflections 
of  the  truss,  but  those  deflections  multiplied  by  E. 
This  practice  was  followed  as  it  resulted  in  the  use  of 
numl>ers  of  reasonable  size  instead  of  very  small 
decimals,  making  the  computations  easier  to  carry 
out,  and  entailed  no  loss  of  clarity.  In  any  practical 
computations  of  trusses  in  which  the  materials  are  all 
of  the  same  material  it  will  usually  be  advisable  to  follow 
the  same  practice.  When  different  materials  are  used, 
one  of  them  should  be  considered  as  standard  and  the 
computations  made,  using  not  the  absolute  values  of 
E  in  pounds  per  square  inch,  but  the  values  in  terms 
of  E  of  the  standard  material.  As  the  last  step  the 
bending  moments  on  the  )hantom  beam  can  be 
divided  by  the  E  of  the  standard  material  to  obtain 
the  deflections  of  the  actual  truss. 

28.  It  is  to  be  noted  that  the  deflections  obtained 
in  the  above  computations  are  those  of  the  lower 
chord  joints.  The  computation  of  the  deflections  of 
the  upper  chord  joints  would  be  the  same  except  that 
the  points  of  application  of  the  elastic  weights  of 
members  be  and  fg  would  have  been  6  and  d  instead  of 
a  and  c  for  the  first,  and  d  and  /  instead  of  g  and  h  \ 
for  the  second.  That  the  weights  of  these  two  mem-  | 
bers  would  be  the  only  ones  to  be  changed  is  shown  by 
the  fact  that  the  deflection  of  6  wUl  differ  from  that  of 
c  only  by  the  change  in  length  of  6c,  while  a  similar 
relation  exists  between  /  and  g.  In  this  case  the  de¬ 
flections  of  d  and  e  will  be  the  same,  as  they  are  con¬ 
nected  by  member  dc  which  is  not  subjected  to  load. 

CHECK  BY  METHOD  OF  WORK 

29.  In  order  to  prove  the  validity  of  the  computa¬ 
tion  of  deflections  as  made  above  by  the  method  of 
elastic  weights,  the  deflections  of  the  same  points  have 
been  computed  by  the  method  of  work.  The  compu¬ 
tations  are  given  in  Table  2.  The  values  of  PLjA 
are  taken  from  Table  1.  The  quantities  We,  ti*,  and 
are  the  loads  in  the  various  members  due  to  unit 
loads  at  c,  c,  and  g,  respectively.  The  value  of  PL! A, 
which  is  AL,  for  each  member  is  multiplied  by  each  of 
the  stresses  due  to  unit  load.  The  columns  of  values  I 


of  PLujA  are  summed  up  to  obtain  the  deflections 
of  the  points  where  the  unit  loads  were  assumed  to 
have  been  applied.  The  agreement  between  the  deflec¬ 
tions  obtained  by  the  elastic  weight  method  and  that 
of  work  is  absolute,  though  there  would  have  been 
a  slight  difference  due  to  dropping  of  significant  figures 
after  the  third  or  fourth,  had  not  the  necessity  of 
this  been  obviated  by  careful  choice  of  loads  and 
dimensions  for  this  example. 


Table  2. — Check  computation  by  the  method  of  work 


Mem¬ 

ber 

PLfA 

PLuJA 

PLuJA 

•*« 

PLuJA 

bd . 

+540 

+0.5625 

303.750 

+0.375 

202  50 

-H).  1875 

101.250 

df . 

+030 

+4X1875 

118. 125 

+0375 

236.25 

+0  5625 

354.375 

ac . 

-460 

-0.5625 

253. 125 

-0375 

168. 75 

-0. 1875 

84.375 

ce . 

-600 

-a  3750 

225.000 

-0  750 

460.00 

-0. 3750 

22.5.000 

eg . 

-720 

-a  3750 

270000 

-0  750 

540.00 

-0  3750 

270.000 

-540 

-a  1875 

10L250 

-0376 

202  50 

-0  5625 

303. 750 

ab . 

+750, 

+4X8375 

703. 125 

+0.625 

468. 75 

+0.3125 

234.375 

be . 

-4801 

-a  7500 

360  000 

-0  600 

240  00 

-0  2500 

120  000 

cd . 

+000 

-a  3125 

-281.250 

+0  625 

662  50 

+0  3125 

281.250 

de . 

0 

0 

-1.000 

0 

0 

0 

dg . 

+300 

+4X31251 

83.750 

+0  025 

187. 50 

-0. 312') 

-83.750 

fg. . 

-240 

'  -0.  2500| 

60  000 

-0  600 

120.00 

-0  7500 

180  000 

fh . 

+750 

+a3125 

234. 37.5 

+0.025 

468. 75] 

-H).  9375 

703. 125 

2,441.250 

3,847.50 

2763.750 

SPECIAL  CASES  OF  SIMPLY  SUPPORTED 
‘  TRUSSES 


30.  In  the  numerical  example  given  above,  the  truss 
is  of  the  simplest  type,  with  parallel  chords  and  equal 
panels.  The  designer,  however,  will  often  wish  to 
compute  deflections  of  more  complex  trusses,  and  for 
the  method  of  elastic  weights  to  be  made  generally 
applicable,  the  inodifications  of  the  rules  explained 
above  must  be  described.  The  cases  that  will  be  taken 
up  here  will  be  as  follows: 

a.  Vertical  end  posts. 

h.  The  Warren  truss,  with  parallel  chords  and  equal 
bays. 

e.  Trusses  with  unequal  bays. 

d.  Trusses  with  nonparallel  chords. 

e.  Secondary  web  members. 

'  VERTICAL  END  POSTS 

31.  Vertical  end  posts  should  cause  no  difficulty, 
being  treated  as  either  chord  or  web  members  in  the 
same  manner  as  sloping  end  posts.  As  in  the  numerical 
example  above,  it  will  usually  be  found  most  convenient 
to  treat  them  as  web  members,  particularly  when  the 
truss  is  of  equal  panels. 

THE  WARREN  TRUSS 

32.  The  simple  Warren  truss  should  offer  little  diffi¬ 
culty.  The  moment  centers  of  the  chord  members  are 
well  defined,  those  for  the  upper  chord  members  being 
at  the  joints  of  the  lower  chord,  and  those  of  the  lower 
chord  members  at  the  joints  of  the  upper.  The  points 
of  application  of  the  elastic  weights  of  the  web  members 
are  the  joints  at  the  ends  of  the  member  of  the  main 
chord  cut  by  the  index  section  of  the  web  member. 

33.  If  the  deflection  'of  the  lower  chord  is  being 
obtained  and  the  elastic  weights  of  the  lower  chord 


members  of  the  truss  are  applied  to  the  phantom  beam 
under  the  upper  chord  joints  which  are  their  moment 
centers,  the  moment  curve  of  the  phantom  beam  will 
not  be  a  true  deflection  curve  of  the  lower  chord  of  the 
truss.  The  deflections  indicated  for  the  low^er  chord 
joints  will  be  correct,  but  the  lines  of  the  moment  curve 
between  the  adjacent  lower  chord  joints  will  not  be 
straight  like  the  members  of  the  truss,  but  w  ill  change 
direction  at  the  points  opposite  the  upper  chord  joints. 
The  difference  will  usually  be  small,  and  in  any  event 
should  cause  no  difficulty  as  the  true  deflection  curve 
of  the  low’er  chord  can  be  obtained  in  either  of  the  tw^o 
ways  if  it  is  needed  for  any  reason.  The  simplest  way 
is  to  neglect  the  points  representing  the  moments  on 
the  phantom  beam  at  the  points  representing  upper 


TRUSSES  WITH  UNEQUAL  BAYS 

35.  Where  trusses  have  unequal  bays  there  is  no 
essential  change  in  the  method  of  application  of  elastic 
W’eights.  The  only  difference  in  the  computations  is 
that  the  slope  B  of  the  diagonal  w'eb  members  and  the 
panel  length  by  which  the  AL  values  of  the  web  mem¬ 
bers  are  divided  are  no  longer  constants.  This  makes 
the  computations  a  little  more  tedious  and  usually 
makes  it  advisable  to  have  one  or  two  additional  col¬ 
umns  in  the  computations  of  the  elastic  weights  if  they 
are  tabulated.  This  variation  from  the  simple  case 
should  therefore  give  the  designer  no  special  difficulty. 

NONPARALLEL  CHORDS 

36.  The  chord  members  of  trusses  with  nonparallel 

chords  offer  no  special  difficulties,  the  elastic 


weights  being  applied  at  the  moment 
centers  of  the  various  members  and  equal  to 
the  changes  in  length  divided  by  the  perpen¬ 
dicular  distances  from  the  members  to  their 
moment  centers.  In  the  case  of  sloping 
chord  members,  how'ever,  the  perpendicu¬ 
lar  distances  W'ill  not  be  equal  to  the 
truss  depth  but  will  be  equal  to  the  hori¬ 
zontal  distance  from  the  moment  center  to 
the  chord  member  in  question  multiplied  by 
the  sine  of  the  angle  between  the  member 
and  the  horizontal,  or  what  amounts  to  the 
same  thing,  the  vertical  distance  multi¬ 
plied  by  the  cosine  of  the  angle. 

37.  In  the  cases  of  web  members,  the 
computation  of  the  elastic  weights  is  consid¬ 
erably  modified. 

Consider  the  truss  shown  in  Figure  5 
and  follow  through  the  computation  of  the 
elastic  weight  of  member  gf.  The  load  in 
member  gf  can  be  obtained  by  the  method 
of  moments,  and  this  will  be  done  to  obtain 
the  influence  line  for  that  member.  The 
section  taken  will  be  A- A  cutting  members 
dfy  gfy  and  gi^  and  the  moment  center  will 
be  Oy  the  intersection  of  df  and  gi  produced. 

38.  When  the  unit  load  is  on  the  lower 
chord  between  i  and  r,  the  load  in  gf  will 

be  where  z  is  the  distance  from  r 

or  Og 

to  the  unit  load.  The  load  in  gf  obtained 
from  this  equation  is  plotted  in  Figure  6  as 
chord  joints,  drawing  straight  lines  betw^een  the  points  line  O'r,  the  ordinates  at  0,  a,  and  i  being  shown 

representing  the  moments  at  the  low’er  chord  joints,  on  the  figure. 

The  other  method  is  to  divide  elastic  weights  at  the  39.  When  the  unit  load  is  between  o  and  the 
upper  chord  joints  between  the  nearest  lower  chord  ^  equation  where 

joints  in  inverse  proportion  to  the  distances  to  those  arug 

joints.  z'  is  the  distance  from  the  unit  load  to  a.  This 

34.  In  computing  the  value  of  sin  B  the  numerical  expression  for  s  is  plotted  in  Figure  6  as  line  O'o, 

value  is  all  that  is  needed,  the  sense  of  the  moment  the  ordinates  at  O,  gr,  and  r  being  shown, 
caused  by  the  elastic  weight  of  the  web  member  being  40.  The  influence  line  for  s  is  then  the  solid  line 
determined  by  the  shear  on  the  beam  at  the  section  in  of  Figure  6,  and  it  is  desired  to  determine  the  load 

question.  Thus  although  adjacent  web  members  are  for  which  this  line  is  the  curve  of  bending  moments  on 

subjected  one  to  tension  and  the  other  to  compression,  the  phantom  beam  supported  at  a  and  r.  It  is  ob- 

if  the  shear  is  of  the  same  sign  at  the  sections  through  vious  that  this  load  will  consist  of  forces  at  g  and  i  of 

both  members  the  moments  of  the  elastic  weights  of  unequal  magnitude  and  acting  in  opposite  directions, 
these  members  will  both  have  the  same  sense.  This  41.  The  first  step  in  finding  these  forces  is  to  deter- 
Is  illustrated  by  members  6c  and  cd  in  Table  1.  mine  the  reactions  at  a  and  r,  which  can  be  done  very 
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easily  by  dividing  the  moments  at  g  and  i  by  the  dis¬ 
tances  ag  and  tr,  respectively.  These  reactions  are 

then  — ^  at  a,  and  at  r. 

ar.Og  *  ar.Og 

The  load  at  i  can  then  be  found  by  taking  moments 
about  g. 

ur  _  — j  ag.Or\  _  ^  /gr,Oa-\-ag.Oa-\-ag.ar\_ 

*  gi  \ar.Og’^ ar.Og /  gi  \  ar.Og  ) 

—  1 /nr.Oa+nr.aflN  —  1  .  ^  ^ 

ar.Og  rii  Oa\o^=Og. 

The  load  at  g  can  be  obtained  by  applying  XF=0. 

Or  ^  I  1  Oi 

"  gi^ ar.Og  ar.og  gV  og~~  og.gi  ~og.gi 

42.  The  values  just  obtained  for  and  Wi  when 
multiplied  by  AL,  together  constitute  the  clastic  weight 
of  member  gf.  It  will  be  simpler  for  some  purposes, 
however,  to  consider  the  elastic  weight  to  be  their 
resultant,  so  as  to  consider  it  a  single  force  instead  of 
a  pair  of  forces.  This  resultant  force  will  be  equal  to 
the  algebraic  sum  of  the  forces,  which  is  evidently 
ALIOg.  Its  location  can  be  found  by  taking  moments 
about  g,  letting  x  be  the  distance  from  g  to  the  point 
of  application  of  the  resultant.  Then 


whence  x=Og.  Therefore  the  resultant  elastic  weight 
acts  at  point  0,  the  moment  center  of  the  web  member 
in  question. 

43.  As  Og  is  the  moment  arm  of  member  gf  about 
its  moment  center,  it  will  be  seen  that  in  this  case  the 
elastic  weight  of  a  web  member  can  be  obtained  by 
use  of  the  nile  employed  for  the  determination  of  the 
elastic  weight  of  a  chord  member.  The  principal  dif¬ 
ference  is  that  instead  of  applying  this  elastic  weight 
to  the  phantom  beam  as  a  single  load  at  the  moment 
center,  it  is  applied  as  a  pair  of  loads  at  the  ends  of 
the  lower  chord  member  cut  by  the  section  used  in 
obtaining  the  load  in  the  web  member,  the  resultant 
of  these  loads  being  the  single  force  at  the  moment 
center. 

44.  If  the  chords  had  been  parallel,  Oi  and  Og  in  the 
expression  for  Wg  would  both  become  infinite,  and 
their  ratio  equal  to  unity.  In  such  a  case  the  expres¬ 
sion  for  the  elastic  weight  of  the  web  member  would 
become  identical  with  that  given  above  for  vertical 
web  members  when  parallel  chord  trusses  were  under 
discussion. 

45.  Before  taking  up  the  question  of  the  rules  for  the 
direction  of  the  elastic  weights  of  web  members,  the 
computation  of  that  property  for  a  sloping  web  mem¬ 
ber  will  be  considered  briefly,  using  member  dg  of  Fig¬ 
ure  5  as  an  example. 

46.  The  influence  line  for  load  in  dg  is  shown  in 
Figure  7,  it  having  been  obtained  in  the  same  manner 
as  the  influence  line  in  Figure  6  for  member  gf.  The 
chief  differences  in  the  computation  are  that  the  index 
section  is  cutting  members  d/,  dg^  and  eg  instead 
of' members  d/,  gf,  and  gi.  Also,  as  the  member  dg 
has  a  slope  0,  its  moment  arm  about  its  moment  center 
is  the  sloping  line  Os  which  is  equal  to  Og.  sin  0.  It  is 
pot  believed  that  the  computations  of  the  ordinates 

1382—28 - 3 


of  the  influence  line-moment  curve,  of  the  elastic 
weight  of  member  d^,  the  reactions  at  a  and  r,  and  the 
resultant  at  0  will  cause  difficulty. 

47.  From  Figures  6  and  7,  it  will  be  seen  that  in 
the  case  of  members  of  nonparallel  chord  trusses,  the 
magnitudes  of  their  elastic  weights  can  be  obtained  by 
using  the  rule  for  chord  members  of  trusses — 
namely,  by  dividing  the  respective  values  of  AL  by 
the  distances  to  the  Tnembers  from  their  moment 
centers,  these  loads  being  assumed  to  act  at  the 
moment  centers  in  question.  When  the  moment 
center  is  at  infinity,  the  elastic  weight  becomes  a 
couple  instead  of  a  single  force.  The  elastic  weight 
is  applied  to  the  phantom  beam  at  the  moment  center 
only  when  that  moment  center  is  one  end  of  a  member 
cut  by  the  section  used  in  determining  the  loads  in  the 
member  in  question — i.  e.,  its  index  section.  In  other 
cases  it  is  applied  as  two  component  loads  acting  at 
the  joints  at  the  ends  of  the  lower  chord  member  cut 
by  the  section  used  in  determining  the  load  in  the 
member  in  question.  This  rule  can  be  used  for  all 
chord  members  and  main  web  members  of  the  truss. 

48.  The  simplest  rule  for  the  directions  of  the  elastic 
weight  forces  of  web  members  when  the  chords  are  not 
parallel  is  the  same  as  that  for  web  members  of  parallel 
chord  trusses— namely,  that  when  the  stress  in  the 
member  indicated  positive  shear  on  the  truss  on  a 
secant  action  through  the  member,  the  moment  of  the 

i  two  forces  should  be  counterclockwise.  Strictly  speak- 
.  ing,  the  computer  does  not  have  just  a  moment  to  deal 
with  as  the  two  forces  are  not  equal,  but  this  will  cause 
no  difficulty  in  practice.  If  an  attempt  were  made  to 
formulate-  the  rule  in  terms  of  the  direction  of  the 
resultant  force  j>n^  the  .moment  center,  the  rule  would 
become  too  complex  for  ordinary  use,  as  it  would  have 
to  depend  on  whether  the  moment  center  were  to  the 
right  or  the  left  of  the  truss. 

49.  There  is  ah  important  short  cut  that  can  be  uti¬ 
lized  in  computing.  It  may  be  noticed  that  one  of  the 
two  forces  will  be  equal  to  AL  of  the  member  divided 
by  the  distance  from  the  member  to  its  secondary 
moment  center-^i.  e.,  the  far  end  of  the  main  chord 
member  cut  by  the  index  section  for  the  web  member 
in  question.  In  the  case  of  member  gf^  it  is  the  force 
AL/iK  wting  at;f._  For  member  dg^  it  is  the  force 
AL/ieg*  sin  9),  acting  at  e.  The  other  force  will  be 
equal  to  the  first  plus  or  minus  the  numerical  value  of 
the  elastic  weight  of  the  member  when  considered  as  a 
single  force.  '  In  the' case  of  member  g/,  this  is  the  force 
ALfgi+^LIOg  acting  at  g,  and  for  dg  it  is  the  force 
ALf(eg*  sin  ^)— AL/(0^*  sin  S)  acting  at  g.  In  all 
cases,  the  second  of  these  two  forces  is  the  one  that 
acts  at  the  junction  of  the  member  in  question  with  the 
main  chord.  ^  Whether  the  term  equal  to  the  elastic 
weight  obtained  from  the  chord  member  rule  should  be 
added  or  subtracted  from  that  obtained  from  the  web 
member  rule  is  determined  by  the  rule  that  the  numer¬ 
ically  larger  force  is  the  one  nearest  to  the  true  moment 
center  of  the  member. 

SECONDARY  WEB  MEMBERS 

50.  Many  truss  designs,  such  as  subdivided  Warren 
trusses,  incorporate  web  members  the  loads  in  which 
are  detenmned  by  the  external  forces  acting  on  only  a 


8 


small  part  of  the  span.  In  general,  these  members  can 
be  handled  by  the  same  general  method  as  used  in  the 
cases  described  above — namely,  to  find  the  load  com¬ 
bination  that  will  produce  a  moment  curve  on  the 
phantom  beam  of  the  same  shape  as  the  influence  line 
for  load  in  the  member  in  question  and  multiply  each 
of  the  forces  of  this  loading  by  AL  of  that  member. 

51.  Member  de  of  the  truss  shown  in  Figure  1  is  of 
this  character.  In  the  first  numerical  example  it  caused 
no  difficulty  as  it  was  subjected  to  no  load  and  its  AL 
and  therefore  its  elastic  weight  were  obviously  equal  to 
zero.  If  a  part  of  the  load  acting  at  d  had  been  as¬ 
sumed  to  have  acted  at  e  instead,  the  member  dc 
would  have  bad  to  have  been  considered  in  the  com- 


the  forces  at  c  and  g  just  half  as  large.  It  is  not  con¬ 
sidered  worth  while  to  attempt  to  work  out  the  rule  for 
more  complex  cases. 

NUMERICAL  EXAMPLE 

52.  In  order  to  illustrate  the  application  of  the  rules 
derived  in  the  above  discussion,  the  deflections  of  the 
lower  chord  joints  of  the  truss  shown  in  Figure  8  have 
been  computed  by  the  method  of  elastic  weights,  and 
the  deflection  of  joint  p  has  been  checked  by  the  method 
of  work.  This  truss  incorporates  practically  all  of  the 
features  that  are  likely  to  be  found  in  simply  supported 
trusses  encountered  in  airplane  design,  though  all  of 
them  are  not  likely  to  be  found  in  any  one  truss. 
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putations.  The  influence  line  for  load  in  de  is  a  triangle 
with  eg  as  its  base  and  its  apex  at  e.  The  ordinate  at  e 
will  be  unity.  The  force  system  that  will  produce  a 
bending  moment  on  the  phantom  beam  numerically 
equal  to  the  ordinates  of  this  influence  line  is  a  single 
load  acting  at  e  with  reactions  at  c  and  g.  The  mag¬ 
nitude  of  the  moment  at  c  being  unity,  the  reaction  at 
c  will  be  lice.  But  this  reaction  must  also  equal  the 
load  at  e  multiplied  by  egjcg.  Hence  the  load  at  e  will 

be  equal  to  — Multiplying  by  AL  we  find  the 
elastic  weight  to  be  composed  of  a  force  At  e  equal  to 
and  reactions  of  AL/ce  at  c,  and  AL/e?  at  g. 

ce  .eg  ^ 

In  this,  which  is  the  usual  case,  the  secondary  web 
member  is  vertical  and  the  adjacent  panels  are  equal, 
so  the  force  at  the  intersection  of  that  member  with 
the  main  chord  qoint  e),  will  be  equal  to  2AL(cg,  and 


53.  The  computation  of  the  values  of  P,  the  axial 
loads  in  the  truss  members  due  to  the  system  of  external 
forces  shown  in  the  figure  are  not  given,  as  they  are  not 
difficult  and  present  no  phases  of  special  interest. 

54.  Table  3  gives  the  complete  computations  of  the 
elastic  weights  of  the  various  members  of  the  truss. 
The  values  of  P  and  L  were  taken  from  Figure  8.  The 
values  of  A  were  assumed  arbitrarily,'*  the  figure 
selected  being  in  most  cases  such  that  the  resulting 
values  of  AL=PL/A  would  include  no  inconvenient 
fractions.  The  modulus  of  elasticity,  P,  was  not  in¬ 
serted  into  the  computations  for  the  reason  expressed 
in  paragraph  27.  The  column  headed  M.  C.  gives  the 
location  of  the  true  moment  centers  of  the  members,  an 
asterisk  indicating  a  web  member,  the  index  section  of 
which  cuts  parallel  chord  members.  H  is  the  horizontal 
distance  from  the  moinent  center  to  the  member. 
Where  a  member  has  both  a  primwy  and  a  secondary 


moment  center,  the  horizontal  distances  from  both  are 
given,  the  distance  from  the  primary  moment  center 
being  given  first  and  separated  from  the  distance  from 
the  secondary  moment  center  by  a  semicolon.  B  is  the 
angle  between  a  member  and  the  horizontal.  U  is  per¬ 
pendicular  distance  from  the  moment  center  to  the 
member,  and  r  the  corresponding  distance  from  the 
secondary  moment  center.  The  column  headed 
S.  M.  C.  shows  the  locations  of  the  secondary  moment 
centers  of  the  web  members;  chord  members  are  indi¬ 
cated  by  asterisks.  Wc,  the  elastic  weight  as  deter¬ 
mined  by  the  chord  member  rule,  is  equal  to  AL/R* 
TTw,  the  elastic  weight  as  determined  by  the  web  mem¬ 
ber  rule,  is  equal  to  AL/r,  The  last  column  shows  the 
directions  in  which  the  elastic  weight  forces  act.  In 
the  case  of  chord  members  the  indication  is  by  a  minus 


dgii  fof  iai  down  and  a  plus  sign  for  an  up  load.  In  the 
CMC  of  the  Web  members  a  curved  arrow  shows  Whether 
the  moment  of  the  forces  determined  by  the  web  mem¬ 
ber  ride  is  clockwise  or  counterclockwise.  The  Column 
headed  P.  A.  gives  the  points  of  application  of  the 
elastic  weights  to  the  phantom  beam.  '  ' 

65.  The  two  secondary  web  members  of  the  truss 
of  Figure  8,  fg  and  at  are  both  vertical  and  the  adjacent 
panels  hre  equal.  Their  elastic  weights  can  therefore 
be  determined  by  the  rule  illustrated  in  paragraph  51. 
The  elastic  weight  of  fg  will  consist  of  a  downward 
force  of  2AL/c/=  2X480/30= 32  units  acting  down  at 
/  and  forces  of  16  units  acting  up  at  e  and  h.  The 
elastic  weight  of  at  will  be  a  down  force  of  2AL/f?i= 
2X360/60=12  units  acting  down  at  t  and  forces  of  6 
units  acting  up  at  r  and  u.  That  the  forces  act  in 


Table  3. — Computation  of  daatic  weights 
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the  directions  stated  can  be  seen  from  the  fact  that 
the  deflection  of  points  /  and  t  will  be  greater  than  if 
the  external  loads  at  those  points  had  been  applied  at 
g  and  »,  and  the  elastic  weights  would  have  to  act  in 
the  directions  stated  in  order  to  bring  about  that  result 
in  the  deflection  computations. 

56.  The  computations  of  the  elastic  weight  of  fg  can 
be  checked  by  the  method  of  work  as  follows:  If  we 
were  to  compute  the  deflection  of  point  /  by  the  latter 
method,  we  would  apply  an  upward  unit  load  at  / 
which  would  subject  member  fg  to  unit  compression. 
From  the  formula  of  paragraph  3,  that  part  of  the  de¬ 
flection  of  /  due  to  the  deformation  of  fg  would  be 
equal  to  AL.s.  As  AL  in  this  case  is  —480,  and  s  is 
—  1,  the  deflection  in  question  would  be  -1-480  units.*^ 
The  minus  sign  for  AL  is  due  to  the  fact  that  its  axial 
load  as  shown  in  Figure  8  is  compression.  Returning 
to  the  elastic  weight  computations,  that  part  of  the 
deflection  of  /  due  to  deformation  of  fg  will  be  numer 


ci 


ically  equal  to  the  bending  moment  on.  the  phantom 
beam  at  f  due  to  the  elastic  weight  of  fg.  This  will  be 
plus  16 .30=480  units,  checking  the  computation  by 
the  method  of  work; — This  method  of  check  io  simple 
and  will  be  found  to  be  of  great  assistance  in  deter¬ 
mining  the  elastic  weights  of  members  in  doubtful 


'cases.  .  _  ’ 

57.  The  phantom  beam  with  the  elastic  weights 
taken  from  Table  3  and  paragraph  55  indicated  is 
shown  in  Figure  9,  along  with  the  net  elastic  loads  at 
each  joint  and  the  reactions  at  a  and  u.  The  compu¬ 
tations  of  these  reactions  are  simple  and  are  not  shown. 
Table  4  shows  the  computations  of  the  moments  on 
the  phantom  beam  which  are  numerically  the  deflec¬ 
tions- of  the  lower  chord  joints  of  the  truss.  The  error 
of  one  unit  is  negligible  and  is  obviously  due  to  lack 
of  more  significant  figures  in  the  computations. 

58.  The  correctness  of  the  elastic  weight  computa¬ 
tions  were  checked  by  computing  the  deflection  of 
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joint  p  by  the  method  of  work.  The  computations 
are  shows  in  Table  5,  The  values  of  AL  were  taken 
from  Table  3,  the  signs  indicating  whether  the  load 
in  the  member  is  tension  or  compression.  The  column 
headed  Up  gives  the  magnitudes  of  the  loads  in  the 
various  members  due  to  a  unit  upward  load  at  joint  p. 
As  shown  in  the  table,  the  discrepancy  between  the 
values  for  the  deflection  of  joint  p,  obtained  by  the 
two  methods  is  only  1  in  4,150,  and  it  is  reasonable 
to  assume  that  it  is  due  entirely  to  the  lack  of  suffi¬ 
cient  signiflcant  figures  in  the  computations.  I 


Table  4. — Moments  on  phantom  beam 


Station 

Shear 

AL 

SAL 

M 

ab. . 

0 

26,519 

49,317 

62,152 

68,619 

72,394 

75,589 

L  77,096 

73,576 

66,410 

66,296 

31,474 

—1  error. 

1 

cd . 

662.9816 

40 

26, 519 

669. 9515 

40 

22,798 

fg . 

427.8215 

30 

12,^5 

hi . 

215. 5715 

30 

^467 

J . 

83.8915 

46 

3,775 

k . 

7L  0015 

45 

il05 

1 . 

27. 3915 

55 

l/soir 

mn. . 

-52. 14W 

67.5 

-3,520 

op . 

-106  1585 

67.5 

-7,166 

-16a  5.^ 

60 

-io,  111 

413. 6985 

60 

-24,822 

-521 5785 

60 

r>3i,475 

Table  5, — Check  by  method  of  work  deflection  at  joint  P 


AL 

«p 

-  +1,440 ' 

+a300 

.  +4,620 

+.600 

.  +1,608 

+.866 

.  +4,050 

+.845 

.  +5,488 

+.960 

.  +2,902L5 

+1. 175 

-  +3,525 

+1.750 

.  +4,320 

+1.867 

.  +3,000 

+1. 167 

-0 

0 

-  -1,440 

-.300 

.  -3,360 

-.825 

-2;229 

-.800 

.  -3,925 

-.767 

-2;  902. 5 

-1. 175 

-2,538 

-1.400 

-2,880 

-1.867 

-3,200 

-.933 

.  +1,440 

+.300 

.  -Z550 

-.425 

.  +1,200 

+.300 

.  -2,125 

-.  425 

.  +1,500 

+.375 

-480 

0  ^ 

+810 

+.042 

.  -1,900 

-.033 

,  +1,382 

+.032 

,  -2,014 

-.027 

-1,054 

-.  352 

-1,  125 

+.375 

+640 

-.300 

-2,250 

+.375 

-1,575 

-1.350 

+1.875 

+990 

+.683 

+.700 

-2;  000 

-1. 167 

-360 

0 

bd., 
dg- 
gi — 
ik... 
km., 
mo., 
oq... 


su.. 

ac.. 

oe. . 
efh. 

np. . 
pr.. 
rto. 


Member 


By  method  of  work  E«. 
By  elastic  weights  E*... 


Error.. 


ab . . 

be . . . . . 

cd . 

de . 

c? . iiii; 

fe::;::::;::;::::::;;:::::::;-- 

im _ 

mn _ 

no . . i-imiiiiiiiiniiir 

op . 

pq . 

qr . 

rs. . . . 

St . 


UpAL 


+432 
+2,772 
+1,3»3 
+3, 422 
+6,214 
+3,410 
+6,109 
+8.065 
+3,500 
0 

+432 
+2,772 
+1,783 
+3,010 
+3,410 
+3,563 
+5,377 
+2,986 
+432 
+1,084 
+360 
+903 
.  +663 

0 

+34 

+63 

+44 

+54 

+371 

-422 

-162 

-844 

+2,126 

+1,093 

+693 

+2,334 

0 


+66, 426 
+66,410 


16 


Error*  16  in  66,400*1  In  4,160  due  to  lack  of  signiflcant  figures. 
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CANTILEVER  TRUSSES 

59.  Cantilever  trusses  can  be  treated  by  the  same 
rules  as  those  resting  on  two  supports,  except  that  the 
phantom  beam,  instead  of  being  supported  at  the  same 
locations  as  the  truss,  must  be  assumed  to  be  supported 
at  the  free  end  of  the  actual  truss,  the  free  end  of  the 
phantom  beam  being  at  the  same  location  as  the  fixed 
end  of  the  actual  truss.  The  rules  for  the  magnitude 
of  the  elastic  weights  and  for  their  directions  remain 
the  same.  The  detailed  proof  of  this  statement  will 
not  be  gone  into  in  this  report,  but  the  reader  who 
wishes  to  understand  the  method  more  thoroughly  will 
find  the  checking  of  the  statement  an  excellent  means 
for  so  doing.  The  application  of  the  method  to  a 
cantilever  truss  is  illustrated  in  the  following  para¬ 
graphs,  the  truss  and  loading  used  being  shown  in 
Figure  10.  To  show  the  validity  of  the  method  in 
this  case,  the  deflection  of  the  tip  of  the  cantilever  is 


also  worked  out  by  the  method  of  work.  In  this 
example,  instead  of  considering  the  lower  as  the  main 
chord  and  computing  the  deflections  of  the  joints  of 
the  lower  chord,  the  deflections  of  the  upper  chord  are 
computed. 

60.  Xhe  truss  with  the  external  loads  and  resulting 
axial  loads  in  the  members  is  shown  in  Figure  10.  The 
elastic  weight  computations  are  given  in  Table  6,  in 
which  the  arrangement  and  nomenclature  are  the 
same  as  in  Table  3.  Figure  11  shows  the  phantom 
beam  with  the  loads  on  it,  and  also  the  computations 
of  the  deflection  of  the  tip  A.  H.  The  deflections  of 
the  other  joints  of  the  upper  chord  could  be  very  easily 
obtained  by  computing  the  curve  of  moments  on  the 
phantom  beam  from  the  loads  shown.  Table  7  gives 
a  check  computation  of  the  deflection  of  point  A  by 
the  method  of  work,  but  presents  no  features  of  special 
interest. 


62.50 

^fP5,00 


4f.67 

20.S3 

-//0.50 


-/P500 


PPf.OOX 270^9670,00 
^4977  X  225^33563.25 
54.66  X/SO^  S838.S0 
72634  X/35»f 7325.90 
X  SO  2249.90 
45.00  X  60^2700.00 
-46. 75  X  30^-^^.50 


^/?arrf  of./russ 

c/ef/ecf/o/7  'ca/77pi//a//o/75 . 
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Table  7. — Compittation  of  deflection  of  joint  A  by 
method  of  work 


Member 

AL 

«A 

AB . 

—300 

1  1  1 

Oto  — o 

B(’ . 

-1,800 
-2,  700 

4  185 

ri) .  . 

l)K .  . 

RF .  . 

-4,’  185 
-5,  760 
0 

3  00 

KG .  . 

-4  50 

Q 

HI .  . 

IJ . . 

+300 
+1,500 
+2,425 
+2,700 
+4, 140 
+4, 140 

0 

+0  75 

JK . :: . 

+2  25 

KL .  . 

+2  462 

LM . ♦  . 

.MN .  . 

+3  75 

NO . . 

+3!  75 

Q 

AH .  . 

AI .  . 

+750 

-960 

+3,000 

-3,000 

+1,600 

+1,500 

-2,100 

+3,000 

+1,440 

-3,750 

0 

+1  25 

BI .  . 

-LOO 
+1  25 

BJ . . 

JC .  . 

-L25 

+1.00 

0 

CK .  . • . 

CL . :: . 

DL .  . 

-1.00 

+1.25 

0 

DM .  . 

EM .  . 

MF . 

-1.25 

0 

FN .  . 

FO .  . 

+4,500 

+1.25 

Deflection  of  ioint  A.  Ea _ 

By  elastic  weiKhts.  Ea . . .  i 

«A  aL 


+225 
+2,700 
+6, 075 
+12,555 
+  12,555 
+25, 920 


Error.. 


+225 
+3, 375 
+5, 970. 35 
+«.  075 
+  15,525 
+15, 52,5 
0 

+937.  5 
+960 
+3,  750 
+3,  750 
+1,600 
0 

+2. 160 
+3, 750 
0 

+4, 687. 5 
0 

+5, 625 


133.945. 35 

133.945.35 


Dimensions  of, loads on.ancf /oods 
iantembers  of/rass. 


Computation  o5£jsieMc,fO 

405 

205 

t45xG  »4270 

75 

500 

-675X5  —3075 

475 

200 

795 

-670X4  ^-$240 

750 

200 

250 

-455x3^-7365 

320 

47785 

700 

765 

-790x2^-360 

-880 

225 

4305X7^-4305 

2505 

4305 

535  ■ 

290 

45 


-  746S^C^I247.S 

Compufab'on 
iDi  -'eS05‘S0St/S0f455fS/0 

^6/5-/2SZS‘  203Z5 


450 


0*4725. 

ft  777.5 

<7*5875 

714/325 

i-677.5 

i-729Z5 

n 

0 

p 

9 

r 

s 

J^r203ZS475 

405 


500 

-2S5 

■705 

JS3L 

-WO 


700 

200 

250 

JSS. 

-745 

3230 

-455 


740 

300 

725 

725 

J&JL 

-855 

-870 


700 

SO 

m 


30 

250 

700 

200 

f580 

-575 

t05 


200 

250 

200 

45 

-■m 


30 

425 

760 


1825 

t770 


B£203Z5 


CompufafioT?  o^defiec/iono. 
Moments  ont)t)C7ntombeam, 
f'nnerspar: 


a 

b 

C 

d 

-2237.5 

7(2267.5 

1-22025 

7?-20325 

TOO  250  425  750 

£•27375  -30  so  75 

-200  -575  -825 

r2SO 
-30 

Computot/ons  ofctef/ecbons. 
74oments  on  pTiantom  Oeam, 
cant7/eoer  end 


Sta 

7? 


P 

9 

r 


Sid. 

E8 

77 

0 

tn 

20325X20  =* 

440650 

440650 

/ 

2202.5X20  = 

*44050 

484700 

22675X20  = 

*45350 

k 

2237.5X20  = 

4730050 
4  44750 

a 

*774600 

74725420 

4777.5x20 

t5875x20 

4/32.5X20 

-6775x20 

-7292.5X20 


r/g.72 

S/mpie  span  m/b  o^erbang 


ES 

o 

43450 

t9450 

475550 

425000 

477750 

436750 

42650 

*39400 

-73550 

425850 

-25850 

O 


61.  The  only  member  of  the  truss  of  Figure  10, 
which  should  cause  difficulty  is  CK  and  special  methods 
are  required  for  it.  There  is  no  section  through  the 
truss  which  can  be  used  directly  for  computing  the 
load  in  this  member  by  the  method  of  moments,  so 
that  it  has  no  true  moment  center,  and  the  rule  for 
chord  members  can  not  be  applied  to  it.  Furthermore, 
it  has  no  secondary  moment  center  like  the  normal 
web  members,  so  that  the  web  member  rule  is  equally 
inapplicable.  The  load  in  this  member  is  found  from 
the  fact  that  it  is  numerically  equal  to  and  of  the 
same  sign  as  vertical  component  of  the  load  in  KL,  and 
this  makes  it  possible  to  determine  its  clastic  weight. 
If  we  designate  the  ratio  of  the  load  in  CK  to  the 
load  in  KL  by  we  can  say  that  for  the  applica¬ 
tion  of  the  basic  formula  in  paragraph  3  that  sck 
equals"  ^Skl-  As  the  deflection  of  any  point  on  the 
truss  due  to  deformation  of  CK  is  equal  to  ALck-sck, 
it  will  be  also  equal  to  ALck*Ajskl*  From  this  it  can 
be  shown  that  the  elastic  weight  of  CK  can  be  obtained 
by  treating  it  as  if  it  were  in  the  location  of  KL  and 
multiplying  the  result  by  k.  This  was  done  in  Table 
6  where  C  is  given  as  the  moment  center  of  CK,  and 
R  as  36.56,  the  value  for  KL,  The  value  of  the  elastic 
weight,  however,  is  given  as 
1,600X0.4602 

- 36"5i6 - =17.78,  the  quan¬ 
tity  0.4602  being  the  ratio  k. 

62.  The  computations  for  the 
elastic  weight  of  CK  can  be 
checked  by  the  method  of 
moments  as  follows :  From  Table 
7,  the  deflection  of  point  A  due 
to  deformation  of  CK  is  1,600 
units.  By  the  elastic  weight 
computation,  using  17.78  pounds 
acting  up  at  C  as  the  elastic 
weight  of  that  member,  the 
same  quantity  would  be  17,78X 
90=1,600.2  units,  the  difference 
being  due  to  the  fact  that  only 
four  significant  figures  were 
retained  in  the  computation  of 
the  figure  17.78. 

63.  It  may  be  noted  that  the 
check  of  the  deflection  of  point 
A  by  the  method  of  work  does 
not  throw  any  light  on  whether 
the  elastic  weight  of  member 
EM  was  computed  properly,  as 
the  elastic  weight  of  this  mem¬ 
ber  is  composed  of  three  forces 
that  are  in  equilibrium  and  do 
not  affect  the  bending  moments 
on  the  phantom  beam  outside  of 
the  section  DF,  and  the  same 
would  be  true  of  any  three  forces 
at  these  points  which  were  also 
in  equilibrium.  In  fact  the 
computation  of  the  elastic 
weight  of  could  be  neglect¬ 
ed  if  the  deflection  of  point  E 
were  not  desired.  The  only  way 
to  determine  whether  qr  not 


this  elastic  weight  was  computed  correctly  is  to  check 
it  in  the  manner  employed  for  member  fg  of  Figure 
8.  This  will  not  be  done  here,  but  would  be  a  good 
exercise  for  the  reader. 

SIMPLE  SPAN  WITH  OVERHANG 

04.  In  the  example  of  a  cantilever  truss  given  above, 
it  was  assumed  that  the  truss  was  fixed  at  one  end,  the 
tangent  to  the  ela.stic  curve  of  the  truss  at  the  fixed 
end  being  horizontal.  In  airplane  structures,  a  more 
common  case  is  that  of  a  simple  span  with  a  pin  joint 
at  one  end  and  a  cantilever  at  the  other.  For  this 
type  of  truss  the  procedure  is  as  follows:  First,  the 
elastic  weights  of  all  members  are  computed  and  applied 
to  the  phantom  beam.  Second,  the  phantom  beam  of 
the  portion  of  the  truss  between  the  supports  is  treated 
as  though  the  cantilever  were  absent,  the  reactions  at 
the  supports  and  the  bending  moments  on  it  being 
computed.  The  phantom  beam  corresponding  to  the 
cantilever  portion  of  the  truss  is  then  considered,  it 
being  treated  as  a  cantilever  fixed  at  the  free  end  of 
the  actual  truss.  In  this  step  a  force  equal  in  magni¬ 
tude  but  opposite  in  direction  to  the  reaction  on  the 
phantom  beam  of  the  simply  supported  span  at  the 
root  of  the  cantilever  is  treated  as  a  load  on  the  phan¬ 
tom  beam  of  the  cantilever  portion. 

65.  The  computer  may  have  some  question  as  to 
how  to  handle  those  elastic  weight  forces  that  act  at 
the  root  of  the  cantilever,  but  a  little  consideration 
will  show  that  they  should  give  no  trouble.  If  such  a 
force  is  assumed  to  act  on  the  phantom  beam  of  the 
simply  supported  span,  the  reaction  at  its  point  of  appli¬ 
cation  will  include  an  equal  and  opposite  force,  so  it 
will  have  no  effect  on  the  computation  of  the  deflections 
between  the  two  supports,  A  force  equal  but  opposite 
to  the  reaction  on  the  phantom  beam  of  the  simply 
supported  span  is  applied  to  the  phantom  of  the  canti¬ 
lever  at  the  junction  of  the  two  portions.  The  net 
load  on  the  phantom  beam  of  the  cantilever  will  there¬ 
fore  be  the  same  whether  the  clastic  loads  at  the  point 
in  question  are  first  considered  to  act  on  the  simply 
supported  span,  and  then  to  be  applied  to  the  phantom 
beam  of  the  cantilever  as  part  of  the  force  equal  and 
opposite  to  the  reaction,  or  are  assumed  to  act  directly 
on  the  phantom  beam  of  the  cantilever  portion  of  the 
truss.  The  chief  point  to  remember  is  that  such  elastic 
weight  forces  must  be  considered  once  and  only  once, 
but  whether  they  are  assumed  to  act  on  the  phantom 
beam  of  the  cantilever  or  that  of  the  simply  supported 
span  of  the  truss  makes  no  difference  in  the  final 
results. 

66.  A  numerical  example  of  the  computations  for 
this  case  is  given  below  for  the  truss  shown  in  Figure 
12.  The  example  includes  computations  of  the  deflec¬ 
tions  of  the  cantilever  tip  a  and  a  joint  q  in  the  simply 
supported  span. 
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Table  8. — Computation  of  deflection  simple  span  with 
overhang — CompataXion  of  elastic  weights 


Member 

P 

L 

1 

A 

AL 

E.  W. 

Sign 

P.  A. 

Up 

Down 

ab . 

-80 

20 

16/15 

-1,500 

100 

+ 

bk 

Us . r 

—320 

20 

32/15 

-3,000 

200 

+ 

cl 

-720 

20 

45/15 

-4,800 

320 

+ 

dm 

de . 

-1,440 

20 

60/15 

-7,200 

480 

+ 

en 

ef . 

-680 

20 

68/15 

-3,000 

200 

+ 

fo 

fg . 

-160 

20 

64/15 

-750 

50 

+ 

gp 

gh . 

+280 

20 

56/15 

+1,500 

100 

hi . 

+400 

20 

80/21 

+2, 100 

140 

Ir"* 

u . 

+280 

20 

28/15 

+3,000 

200 

— 

Js 

iV . 

+360 

25 

35/12 

+3,000 

250 

u . 

+80 

20 

32/15 

+750 

50 

+ 

bk 

Im . 

+320 

20 

64/15 

+1,500 

100 

+ 

cl 

mn . 

+720 

20 

90/15 

+2,400 

160 

+ 

dm 

no . 

+1,440 

20 

00/15 

+4,800 

320 

+ 

en 

op . 

+680 

20 

68/15 

+3,000 

200 

+ 

fo 

pq . 

+160 

20 

32/15 

+1,500 

100 

+ 

8P 

qr . 

-280 

20 

28/15 

-3,000 

200 

kq 

rs . 

-400 

20 

16/9 

-4,500 

300 

{f 

st . 

-280 

20 

28/15 

-3,000 

200 

Js 

ak. . 

+100 

25 

25/12 

+1,200 

100 

bk 

a 

bl . 

+300 

25 

25/10 

+3,000 

250 

cl 

bk 

cm . 

+500 

25 

25/51 

+5, 100 

425 

dm 

cl 

dn . 

+900 

25 

25/10 

+9,000 

750 

en 

dm 

eo — . 

-950 

25 

26/6 

-5,700 

475 

en 

'  fo 

fp . 

-650 

25 

65/24 

-6,000 

500 

r* 

fo 

P 

gq . 

-550 

25 

55/12 

-3,000 

250 

8P 

nq 

hr _ 

-150 

25 

25/10 

-1,500 

125 

nq 

ir 

is . 

+150 

25 

25/10 

+1,600 

125 

Js 

ir 

bk . 

-60 

15 

1.5 

-600 

30 

cl 

bk 

cl . 

-180 

15 

1.5 

-1,800 

90 

dm 

cl 

dm . 

-300 

16 

3.0 

-1,500 

75 

en 

dm 

en _ 

+810 

15 

1.6 

+8, 100 

405 

en 

fo 

fo . 

+570 

15 

1.5 

+5, 700 

285 

fo 

gp 

p . 

+390 

15 

1.5 

+3.900 

195 

r* 

gp 

hq 

nq . 

+330 

16 

1.5 

+3,300 

165 

hq 

ir 

ir . 

+90 

15 

1.5 

+900 

45 

ir 

Js 

Js . 

-90 

15 

1.5 

-900 

45 

t 

Js 

Table  9, — Computaiion  of  deflections  of  joints  a  and  q 
by  method  of  work 


Member 


A£Uq 


u. 


ALUa 


ab.. 

be.. 

cd.. 

de.. 

ef- 


k: 


Im., 

mn. 

no.. 

op.. 

M- 

qr.. 

rs... 

St... 

ak.. 

bl... 

cm.. 

dn... 

eo... 

fp... 

gq... 

hr... 

is..., 

bk... 

ci..., 

dm.. 

en... 

fo._. 

gp... 

hq... 

IT.... 

Js.... 


-1»S00 
“3,000 
-4,800 
“7,200 
-3,000 
-750 
+1,500 
+%  100 
+3,000 
+3,000 
+760 
+1,500 
+2,400 
+4,800 
+3,000 
+1,500 
-3,000 
-4,500 
-3,000 
+1,200 
+3,000 
+6, 100 
+9,000 
-5,700 
-5,000 
-3,000 
-1,500 
+1,500 
-600 
-1,800 
-1,500 
+8, 100 
+5,700 
+3,900 
+3, 300 
+900 
-900 


0 

0 

0 

0 

+2/3 
+4/3 
+2.0 
+4/3 
+2/3  , 

+0.8HI 

0 

0 

0 

-2/3 

-4/3 

-2.0 

-4/3 

-2/3 

0 

0 

0 

0 

-6/5 

-5/6 

-5/6 

+5/6 

+5/6 

0 

0 

0 

+0.5 

+0.5 

+0.5 

-0.5 

-0.5 

-0.5 


0 

0 

0 

0 

-2,000 
-1,000 
+3,000 
+2, 800 
+2,000 
+2,600 
0 
0 
0 
0 

-2,000 

-2,000 

+6,000 

+6,000 

+2,000 

0 

0 

0 

0 

+4,760 

+5,000 

+2,500 

-1,250 

+1,250 

0 

0 

0 

+4,050 
+2,850 
+1, 950 
-1,6.50 
-450 
+4.50  I 


-4/3 
-8/3 
-4 
-16/3 
-40/9 
-32/9 
-8/3 
-lG/9 
-8/9 
-10/9 
+4/3 
+8/3 
+4 
+16/3 
+40/9 
+32/9 
+8/3 
+16/9 
+8/9 
+5/3 
+5/3 
+5/3 
+5/3 
-10/9 
-10/9 
-10/9 
-10/9 
-10/9 
-1 
-1 
-1 
+2/3 
+2/3 
+2/3 
+2/3  i 
+2/3  I 
+2/3  I 


+2,000 

+8,000 

+19,200 

+38,400 

+13,333^ 

+2,666H 

-4,000 

-3,733^ 

-2, 

-3,333H 
+1,000 
+4,000 
+9,600 
+25,600 
+I3,333H 
+5,333H 
-8,000 
-8,000 
-2;666H 
+2,000 
+5,000 
+8,500 
+15,000 
+6,  m\i 


f3,333H 

+1,6662^ 

-1,666?^ 

+600 

+1,800 

+1,500 

+5,400 

+3,800 

+2,600 

+2,200 

+600 

-600 


36,750 


+174,800 


CONCLUSION 

67,  It  is  the  belief  of  the  writer  that  the  method  of 
elastic  weights  described  ai)ove  provides  a  simple  and 
workable  method  of  computing  the  deflections  of  long 
shallow  trusses  of  many  panels.  It  is  probable  that  It 
can  also  be  used  to  develop  methods  by  which  “ef¬ 
fective  moments  of  inertia”  can  he  derived  for  the 
more  common  cases,  these  effective  moments  of  inertia 
to  be  used  in  computing  truss  deflections  by  means  of 
the  formulas  for  the  deflection  of  beams,  but  no  work 
along  these  lines  has  been  started  as  yet.  It  is  hoped 
that  this  line  of  study  can  be  followed  in  the  near  future. 

68.  In  the  introduction  to  this  report  the  rules  to  be 
used  in  applying  the  method  of  elastic  weights  were 


stated.  In  the  text,  some  of  the  special  cases  of  these 
rules  were  proved,  but  no  attempt  was  made  to  give  a 
rigid  proof  of  them  as  general  propositions.  This 
could  have,  been  done,  but  would  have  involved  a  great 
increase  in  the  length  of  the  report,  and  would  have 
greatly  delayed  its  publication.  The  writer  has  tested 
them  for  all  normal  cases  likely  to  be  met  in  airplane 
work  and  believes  them  to  be  true  generally.  The 
discussions  in  the  report  were  aimed  not  so  much  to 
give  rigid  proofs  of  the  rules,  but  to  indicate  how  they 
were  obtained,  indicate  to  those  unfamiliar  with  the 
method,  how  report  or  rules  can  be  used,  and  demon¬ 
strate  to  him  their  reasonableness. 


APPENDIX 


RULES  AND  DEFINITIONS 

1.  In  the  body  of  the  report,  the  method  of  comput¬ 
ing  truss  deflections  was  described  and  illustrated  by 
numerical  examples.  In  the  course  of  this  discussion 
numerous  rules  were  formulated,  and  the  meanings  of 
several  special  terms  were  defined,  but  these  rules  and 
definitions  are  scattered  through  the  text  in  such  a 
manner  that  they  would  be  difficult  to  find  by  a  person 
desiring  to  use  this  report  as  a  guide  in  computing  the 
deflections  of  a  truss.  Furthermore,  many  of  the  rules 
are  given  in  the  form  in  which  they  apply  to  the  special 
case  being  discussed,  the  expansion  of  them  to  fit  the 
other  cases  being  described  rather  than  defined.  For 
these  two  reasons,  it  has  been  considered  advisable  to 
restate  the  rules  in  more  general  terms,  and  to  place 
these  rules  and  the  accompanying  definitions  in  this 
appendix  for  ready  reference. 

2.  The  method  of  elastic  weights  is  fundamentally 
based  on  the  same  principles  as  the  more  familiar  method 
of  workj  the  chief  difference  being  that  some  mathe¬ 
matical  ghort  cuts  are  used  to  facilitate  the  computation 
of  the  deflections  of  all  of  the  panel  points  on  one  chord 
of  the  truss.  This  fact  should  be  kept  in  mind  and 
utilized  in  doubtful  cases  by  checking  the  deflections  of 
some  point  due  to  the  deformation  of  the  member 
causing  trouble  by  the  two  methods.  If  the  results  of 
the  two  methods  check,  the  computer  can  feel  satisfied 
that  he  has  computed  the  elastic  weights  of  those 
members  correctly.  Examples  of  such  checks  are  given 
in  paragraphs  56  and  62. 

3.  In  order  to  compute  the  deflection  of  a  truss  by 
the  method  of  elastic  weights,  a  force  or  moment,  called 
the  elastic  weighty  is  computed  for  each  member  of  the 
truss.  The  curve  of  bending  moments  on  a  pAantom 
beam  due  to  these  elastic  weights  is  numerically  equiva¬ 
lent  to  the  curve  of  deflections  of  the  main  chord  of  the 
truss  under  the  loading  investigated. 

4.  When  the  deflection  of  a  truss  is  computed,  as  a 
general  rule,  only  the  deflections  of  the  joints  of  one 
chord  are  desired.  In  the  following  discussion  it  will 
be  assumed  Jiiat  this  is  the  case  and  the  chord,  the 
deflections  of  which  are  being  computed,  will  be  called 
the  main  chord  of  the  truss.  Whether  the  main  chord 
in  any  given  case  is  the  upper  chord  or  the  lower 
depends  upon  the  special  conditions  of  the  problem. 
If  the  deflections  of  the  joints  of  both  chords  are  desired, 
two  sets  of  computations  must  be  made,  though  much 
of  the  two  sets  will  be  identical.  In  practice  this 
condition  will  seldom  arise,  and  in  the  remainder  of 
this  report  it  will  be  assumed  that  the  deflections  of 
only  one  chord  are  desired. 

5.  The  "phantom  beam  is  a  h3^pothetical  beam  assumed 
to  be  subjected  to  the  elastic  weights  of  the  truss  mem¬ 
bers.  In  the  case  of  simply  supported  truss  spans  it  is 
assumed  to  be  supported  at  the  same  points  as  the  truss 
span.  In  the  case  of  cantilever  trusses  the  phantom 


'beam  u  assumed  to  be  supported  at  the  free  end  of  the 
actual  truss,  the  -end  of  the  phantom  beam  at  the  point 
of  support  of  the  actual  truss  being  assumed  to  be  a 
free  end  of  a  cantilever.  ’  . 

6.  When  the  deflections  are  to  be  computed  for  a 
simple  span  with  an  overhang,  the  elastic  weights  of  the 
members  in  the  inner  span  are  computed  and  applied 
to  its  phantom  beam.  The  reactions  on  the  phantom 
beam  at  the  points  of  suppoH  of  the  truss  and  the 
bending  moments  on  the  phantom  beam  of  the  span  are 
then  computed,  these  moments  being  numerically  equal 
to  the  deflections  of  the  inner  span  of  the  truss.  In 
computing  the  deflections  of  the  cantilever  overhang, 
the  outer  reaction  of  the  phantom  beam  for  the  inner 
span  is  applied  to  the  phantom  beam  for  the  cantilever 
portion,  in  addition  to  the  elastic  weights  of  the  mem¬ 
bers  of  the  cantilever  portion  of  the  truss.  The  phan¬ 
tom  beam  of  the  cantilever  is  considered  as  a  cantilever 
supported  at  the  free  end  of  the  actual  truss.  The 
curve  of  moments  on  this  beam  gives  the  deflection  of 
the  cantilever  portion  of  the  truss  measured  from  the 
line  joining  the  points  of  support  at  the  ends  of  the 
inner  span.  A  numerical  example  of  this  case  is  given 
in  paragraphs  10  to  29. 

7.  The  elastic  weight  of  a  truss  member  is  a  force, 
acting  at  the  moment  center  of  the  member,  numerically 
equal  to  AL,=PLIAE,  the  change  in  length  of  the 
member  under  the  system  of  external  loads  on  the 
truss,  divided  by  the  arm  of  the  member  about  its 
moment  center.  In  this  report  this  rule  is  called  the 
chord  member  rule  for  determining  the  elastic  weight. 

8.  The  moment  center  of  a  member  is  the  intersection 
of  the  other  two  members  cut  by  the  section  used  in 
determining  the  load  in  that  member  by  the  method  of 
moments.  In  this  report  this  section  is  called  the 
index  section  of  the  truss  for  the  member. 

9.  In  the  cases  of  web  members  of  parallel  chord 
trusses,  the  moment  centers  are  at  an  infinite  distance 
from  the  members,  and  the  above  rule  for  the  deter¬ 
mination  of  the  elastic  weight  can  not  be  applied.  The 
elastic  weight  of  such  a  member  can  be  considered  as 
either  a  moment  numerically  equal  to  AL,  or  as  two 
equal  and  opposite  forces,  each  equal  to  AL  divided  by 
the  arm  of  the  member  about  its  secondary  moment 
center,  one  acting  through  the  secondary  moment 
center  and  the  other  at  the  intersection  of  the  member 
and  the  main  chord  of  the  truss.  In  this  report  this 
rule  is  called  the  web  member  rule  for  determining  the 
elastic  weight. 

10.  The  secondary  moment  center  of  a  member  is  the 
distant  end  of  the  main  chord  member  cut  by  the 
index  section  for  the  web  member  in  question. 

11.  When  the  moment  center  of  a  member  is  at  one 
end  of  a  chord  member  cut  by  it*s  index  section,  the 
elastic  weight  of  that  member  is  assumed  to  be  applied 
to  the  phantom  beam  at  that  moment  center.  This  is 
the  normal  case  for  chord  members. 
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12.  When  the  moment  center  of  a  member  is  not  at 
one  end  of  a  chord  member  cut  by  its  index  section, 
the  elastic  weight  is  applied  to  the  phantom  beam  as 
two  forces,  one  at  the  secondary  moment  center  of  the 
member,  and  the  other  at  the  intersection  of  the 
member  with  the  main  chord  of  the  truss.  In  the  case 
of  a  web  member  the  index  section  of  which  cuts 
parallel  chord  members,  each  of  these  forces  will  be 
equal  to  AL  divided  by  the  arm  of  the  member  about 
its  secondary  moment  center.  In  other  words,  the 
elastic  weight  can  be  determined  at  once  from  the  web 
member  rule.  In  the  case  of  a  web  member  the  index 
section  of  which  cuts  nonparallcl  chords,  the  two 
forces  will  be  of  such  magnitude  that  their  resultant 
will  be  equal  to  AL,  divided  by  the  arm  of  the  member 
about  its  moment  center,  acting  through  the  moment 
center.  In  other  words,  the  elastic  weight  will  be  com¬ 
posed  of  two  forces,  the  resultant  of  which  can  be  deter¬ 
mined  by  the  chord  member  rule. 

13.  In  the  case  of  web  members  between  non- 
parallel  chords,  the  computation  of  the  elastic  weight 
forces  applied  to  the  phantom  beam  can  be  most 
easily  accomplished  as  follows.  First  apply  a  couple 
composed  of  two  forces,  each  equal  to  AL  divided  by 
the  arm  of  the  member  about  its  secondary  moment 
center,  at  the  secondary  moment  center  and  the 
intersection  of  the  web  member  and  the  main  chord. 
In  short,  first  apply  the  elastic  weight  as  obtained  from 
the  web  member  rule  to  the  phantom  beam.  Then 
apply  a  force  equal  to  AL  divided  by  the  arm  of  the 
member  about  its  moment  center — that  is,  a  force  of 
the  magnitude  of  the  elastic  weight  as  obtained  from 
the  chord  member  rule  at  the  intersection  of  the 
member  and  the  main  chord.  This  last  force  should 
act  in  such  a  direction  that  the  numerically  larger  of 
the  two  forces  constituting  the  elastic  weight  of  the 
member  will  be  the  one  nearest  to  its  moment  center. 
These  two  forces  will  conform  to  the  criterion  of  the 
preceding  paragraph. 


14.  The  sign  indicating  the  direction  of  the  elastic 
weight  of  a  chord  member  shall  be  the  same  as  the 
sign  of  the  bending  moment  on  the  truss  at  the  index 
section  of  that  member  as  indicated  by  the  character 
of  the  load  in  the  chord  member.  Thus  the  elastic 
weight  of  an  upper  chord  member  in  compression 
or  of  a  lower  chord  member  in  tension  will  be  a  positive 
or  upward  acting  force;  while  the  elastic  weight  of  an 
upper  chord  member  in  tension  or  a  lower  chord  mem¬ 
ber  in  compression  will  be  a  negative  or  downward 
acting  force  on  the  phantom  beam. 

16.  If  the  shear  on  the  index  section  of  a  web  mem¬ 
ber,  as  indicated  by  the  character  of  the  stress  in  that 
member  is  positive,  the  left-hand  force  of  its  elastic 
weight  shall  act  down  and  the  right-hand  force  up — i.  e. 
the  forces  shall  produce  a  counterclockwise  couple  on 
the  phantom  beam.  If  this  shear  is  negative,  the 
forces  of  the  elastic  weight  should  act  in  the  opposite 
directions  and  form  a  clockwise  couple.  In  this  rule, 
the  phrase  “as  indicated  by  the  character  of  the  stress 
in  that  member  “  is  important  as  in  cases  where  the 
index  section  cuts  nonparallel  chords,  the  character 
of  the  shear  on  the  truss  as  indicated  by  the  stress 
in  the  web  member  may  differ  from  the  true  shear 
on  the  section.  Member  ij  in  Figure  8  and  some  of 
the  adjacent  web  members  illustrate  cases  of  this  kind. 

16.  Special  members, — Th,e  rules  stated  above  will 
not  be  found  applicable  to  all  members  of  some  truss 
designs.  The  most  common  example  of  members  of 
this  character  are  the  subverticals  of  a  subdivided 
Warren  truss.  No  general  rule  can  be  formulated 
to  take  care  of  all  possibilities  of  this  kind,  but  the 
body  of  the  report  gives  examples  of  how  to  handle 
the  more  common  cases.  A  general  rule  that  can  be 
used  to  check  the  correctness  of  the  application  of 
the  method  of  elastic  weights  in  doubtful  cases  is  that 
this  method  and  that  of  work  should  give  the  same 
results.  It  will  nearly  always  be  a  simple  matter  to 
make  a  check  of  this  character. 


